We introduce a Master Constraint OperatorM densely defined in the diffeomorphism invariant Hilbert space in loop quantum gravity. The corresponding quadratic form coincides with the one proposed by Thiemann in the master constraint programme. It is shown thatM is positive and symmetric, and hence has its Friedrichs self-adjoint extension. So the master constraint programme for loop quantum gravity can be carried out in principle by employingM.
Introduction
It is well known that the quantization programme of loop quantum gravity is based on the connection dynamics of general relativity [1] [2] . In this formalism gravity is formulated as a diffeomorphism invariant Yang-Mills gauge field. The basic conjugate pairs in the phase space are su(2)-valued connections A i a and densitized triads P a i on a 3-manifold Σ. The dynamics is determined by the Hamiltonian:
where the three constraints read:
It can be verified that the Poisson algebra among the constraints reads [1] {G(Λ), G(Λ
which is an infinite dimensional Poisson algebra. However, it is not a Lie algebra unfortunately, because the Poisson bracket between the two scalar (Hamiltonian) constraints H(N ) and H(M ) has structure function depending on dynamical variables. This character causes much trouble in solving the constraints quantum mechanically. On the other hand, one can see from Eq.(3) that the algebra generated by the Gaussian constraints G(Λ) forms not only a subalgebra but also a 2-side ideal in the full constraint algebra. Thus one can first solve the Gaussian constraints independently. It is convenient to find the quotient algebra with respect to the Gaussian constraint subalgebra as
The quotient algebra plays a crucial role in solving the constraints quantum mechanically. But the subalgebra generated by the diffeomorphism constraints V( N ) can not form an ideal. 
Although the regulated Hamiltonian constraint operatorĤ ǫ (N ) introduced above is densely defined in H Kin and diffeomorphism covariant, there are still several problems unsettled concerning the dual Hamiltonian constraint operatorĤ ′ (N ), which are listed below.
• Although the action of the dual commutator of two Hamiltonian constraint operators on Ψ Dif f ∈ H Dif f reads
it is unclear whether the commutator between two Hamiltonian constraint operators resembles the classical Poisson bracket between two Hamiltonian constraints. Hence it is doubtful whether the quantum Hamiltonian constraint produces the correct quantum dynamics with correct classical limit [4] [5], so it is in danger of physical quantum anomaly.
• Although the action of the dual commutator between the Hamiltonian constraint operator and finite diffeomorphism transformation operatorÛ ϕ on Ψ Dif f gives [7] (
which almost resembles the classical Poisson bracket between the Hamiltonian constraint and diffeomorphism constraint, one can see that the dual Hamiltonian constraint operator does not leave H Dif f invariant. Thus the inner product structure of H Dif f cannot be employed in the construction of physical inner product.
• Classically the collection of Hamiltonian constraints do not form a Lie algebra. So one cannot employ group average strategy in solving the Hamiltonian constraint quantum mechanically, since the strategy depends on group structure crucially [9] .
However, if one could construct an alternative classical constraint algebra, giving the same constraint phase space, which is a Lie algebra (no structure function) and where the subalgebra of diffeomorphism constraints forms an ideal, then the programme of solving constraints would be much improved at a basic level. Such a constraint Lie algebra was first introduced by Thiemann in [10] . The central idea is to introduce the master constraint:
where C(x) is the scalar constraint in Eq.(2). One then gets the master constraint algebra as a Lie algebra:
where the subalgebra of diffeomorphism constraints forms an ideal. So it is possible to define a corresponding master constraint operator on H Dif f . In the following, the positivity and the diffeomorphism invariance of M will be working together properly and provide us with powerful functional analytic tools in the quantization procedure.
The Self-adjoint Master Constraint Operator
In this section we will introduce a master constraint operatorM densely defined in H Dif f , then prove thatM is symmetric and positive and hence has its natural self-adjoint extension. The regularized version of the master constraint can be expressed as
where χ ǫ (x − y) is any 1-parameter family of functions such that lim ǫ→0 χ ǫ (x − y)/ǫ 3 = δ(x − y) and χ ǫ (0) = 1. Introducing a partition P of the 3-manifold Σ into cells C, we have an operatorĤ ǫ C acting on any cylindrical function
via a state-dependent triangulation T (ǫ) on Σ, where χ C (v) is the characteristic function of the cell C and the expression ofĥ
Note thatĥ
is similar to the regulated Hamiltonian constraint operator (6), while the only difference is that now the volume operator is replaced by its quare-root in Eq. (13) . Hence the action ofĤ ǫ C on f α adds edges e ij (∆) with 
2Ĥ
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whereĤ ′ † C andĤ ′ C , depending on a cell C, are well defined by
for any cylindrical function f α ∈ Cyl, and any Ψ ∈ Cyl ⋆ , here Cyl ⋆ is the algebraic dual of the set of cylindrical functions Cyl. Note that the second dagger in the second equation is the adjoint operation with respect to the inner product on H Kin . Since the actions ofĤ C f α ∈ Cyl, and hence given any Ψ Dif f ∈ H Dif f , the value of
is finite. Moreover, we can show thatM leaves H Dif f invariant. For any diffeomorphism transformation ϕ,
where in the last step, we used the fact that the diffeomorphism transformation ϕ leaves the partition invariant in the limit P → σ and relabel ϕ(C) to be C. So we have the result
In conclusion, the master constraint operatorM defined by Eq. (14) is densely defined in H Dif f . We now consider the property ofM. Given two diffeomorphism invariant cylindrical functions η(f β ) and η(g α ) associated with the cylindrical functions f β and g α , the matrix element ofM is calculated as
where n α is the number of the elements of the group, GS α , of colored graph symmetries of α, Dif f α denotes the subgroup of Dif f which maps α to itself, and γ(s) is the graph associated with the spin-network function Π s . Note that we have used the resolution of identity trick in the fourth step. In the fifth step, we exchange lim P→σ;ǫ,ǫ ′ →0 C∈P and s , then take the limit which are different up to a diffeomorphism transformation, there is always a diffeomorphim ϕ transforming the graph associated withĤ
In the sixth step, we use the fact that the sums 
where Π s∈[s] is the spin-network function with s ∈ [s] = (α, j, m, n) in diffeomorphism equivalent class [s] . Hence, being the quadratic form associated withM, Q M is closable [11] . The closure of Q M is the quadratic form of a unique selfadjoint operatorM, called the Friedrichs extension ofM. We relabelM to bê M for simplicity and complete our proof. In the procedure, the concrete actions ofM on the states in H Dif f have been obtained as a byproduct. In conclusion, there exists a positive and self-adjoint operatorM on H Dif f corresponding to the master constraint (9).
Discussions
The aim of both Hamiltonian constraint programme and master constraint programme is to seek for the physical Hilbert space H phys . However, since the master constraint operator is self-adjoint and a separable H Dif f can be introduced by suitable extension of diffeomorphism transformations [1] [2], one can use the direct integral decomposition (DID) of H Dif f associated withM to obtain H phys [10] [12] . Since zero is in the spectrum ofM [13] , the physical Hilbert space is just the (generalized) eigenspace ofM with the eigenvalue zero, i.e., H phys = H ⊕ λ=0 with the induced physical inner product
. The issue of quantum anomaly is expected to be represented in terms of the size of H phys and the existence of sufficient semi-classical states.
The master constraint programme has been well tested in various examples [14] [15] [16] [17] [18] . It is an exciting result that the master constraint can be well defined as a self-adjoint operatorM in the framework of loop quantum gravity. However, since the Hilbert spaces H Kin , H Dif f , and the operatorM are constructed in such ways that are drastically different from usual quantum field theory, one has to check whether the constraint operators and the corresponding algebra have correct classical limits with respect to suitable semiclassical states. To do the semiclassical analysis, one still needs diffeomorphism invariant coherent states in H Dif f . The research in this aspect is now in progress [19] [20] .
Suppose that the semiclassical analysis confirmed our master constraint operatorM. SinceM is self-adjoint, it is a practical problem to find the DID of H Dif f and the physical Hilbert space H phys . However, the expression of master constraint operator is so complicated that it is difficult to obtain the DID representation of H Dif f directly. Fortunately, the subalgebra generated by master constraints is an Abelian Lie algebra in the master constraint algebra. So one can employ group averaging strategy to solve the master constraint. SinceM is self-adjoint, by Stone's theorem there exists a strong continuous one-parameter unitary group,Û
on H Dif f . Then, given any diffeomorphism invariant cylindrical functions Ψ Dif f ∈ Cyl 
which might provide a possible method to calculate the physical inner product serving for the physical Hilbert space.
